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MAXIMAL EXACT STRUCTURES ON ADDITIVE CATEGORIES
Abstract. We show that every additive category with kernels and cokernels admits a
maximal exact structure. Moreover, we discuss two examples of categories of the latter
type arising from functional analysis.
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Dedicated to our teachers Klaus D. Bierstedt and Susanne Dierolf, who both died much too early.
1. Introduction
The notion of an exact category in the context of additive categories was introduced by
Quillen [14]. A comprehensive and self-contained exposition of the theory has recently
been laid down by Bu¨hler [2]. Quillen’s definition is extrinsic, that is given a category
A, one has to specify a class E of composable morphisms, called short exact sequences,
which satisfies certain axioms; in this case E is called an exact structure on A. In the
case of an additive category, there is always a smallest exact structure, namely the class
formed by all short sequences which are split exact. On the other hand it is not clear if a
given additive category admits a largest exact structure. However, if A is additive and has
kernels and cokernels it frequently happens that the class of all kernel-cokernel pairs forms
an exact structure which then by definition is the largest one. Categories of this type are
called quasi-abelian and have been studied independently and under different names by
several authors, see the historical remarks in Rump [17, section 2]; a detailed exposition
can be found in the book of Schneiders [18]. Quasi-abelian categories appear in different
branches of mathematics. In particular they are the starting point for the use of homo-
logical methods in functional analysis since the categories of topological vector spaces and
locally convex spaces as well as several subcategories, like Fre´chet or Banach spaces, are all
quasi-abelian (but not abelian). The use of homological methods in functional analysis was
started by Palamodov [10, 11], re-invented by Vogt [19] and expanded by many others (see
the book of Wengenroth [20] for detailed references and concrete applications). In parallel
Prosmans [13] studied the derived category of several quasi-abelian categories arising in
functional analysis.
It is well-known that there are additive categories with kernels and cokernels which are not
quasi-abelian, e.g. the category of complete topological vector spaces, cf. [13, section 3].
Another notion in this context is that of being semi-abelian, see again [17] for historical
information. In the latter article Rump constructed a counter example to a conjecture of
Raikov, which stated that each semi-abelian category is quasi-abelian. An earlier coun-
terexample is contained in the article [1] of Bonet, Dierolf and will be discussed in section
4. The failure of Raikov’s conjecture implies in particular that a semi-abelian category in
general is not exact in an intrinsic way.
Nonetheless, in this article we show that every additive category with kernels and coker-
nels admits a canonical largest exact structure, which can be described in terms of stability
properties of morphisms under pullbacks and pushouts. This exact structure coincides with
the class of all kernel-cokernel pairs if and only if the category is quasi-abelian. Thus, every
additive category with kernels and cokernels (in particular, every semi-abelian category)
admits an extrinsic but natural exact structure.
2010 Mathematics Subject Classification: Primary 46M18; Secondary 18E10, 18G50.
Key words: exact category, quasi-abelian, semi-abelian, homological methods in functional analysis.
a Faculty IV - Mathematics, Building E, University of Trier, 54286 Trier, Germany, Phone: +49 651
201 349 5, Fax: +49 651 201 347 9, e-Mail: dsieg80@googlemail.com.
b,1 Corresponding author: FB C – Mathematics, University of Wuppertal, Gaußstr. 20, 42119 Wuppertal,
Germany, Phone: +49 202 439 253 1, Fax: +49 202 439 372 4, eMail: wegner@math.uni-wuppertal.de.
1
ar
X
iv
:1
40
6.
71
92
v1
  [
ma
th.
FA
]  
27
 Ju
n 2
01
4
Concerning applications in functional analysis, the above turns out to be very useful since
there are many categories which are not quasi-abelian but additive with kernels and coker-
nels and thus accessible for homological algebra when endowed with an exact structure. In
addition to the two examples which we will discuss in section 4, certain categories defined
by projective and inductive limits which arise naturally in functional analysis, like that of
PLB-, PLS- and PLN-spaces, will be treated in a forthcoming paper.
2. Notation and Preparatory Results
In the whole section, A denotes an additive category with kernels and cokernels. Thus, A
admits pushouts and pullbacks. For later use we note the following (well-known) lemma,
see e.g. Richman, Walker [15, Theorem 5].
Lemma 2.1. (a) If g : Y → Z, t : T → Z are morphisms in A and (P, pT , pY ) is their
pullback, then there is a morphism j : ker g → P making the diagram
ker g
j- P
pT- T
PB
ker g
idker g
?
ig
- Y
pY
?
g
- Z
t
?
commutative and being a kernel of pT .
(b) If f : X → Y , t : X → T are morphisms in A and (S, sT , sY ) is their pushout, then
there is a morphism c : S → cok f making the diagram
X
f- Y
cf- cok f
PO
T
t
?
sT
- S
sY
?
c
- cok f
idcok f
?
commutative and being a cokernel of sT .
In what follows we adopt the notation of Richman, Walker and call a morphism f a kernel
if there is a morphism g such that f is a kernel of g. Cokernels are defined dually. It
is easy to see that f is a kernel if and only if it is a kernel of its cokernel and dually f
is a cokernel if and only if it is the cokernel of its kernel. In the notation of Schneiders
[18, Definition 1.1.1] a morphism f : X → Y in A is called strict if the induced morphism
f¯ : cok ker f → ker cok f is an isomorphism. From his remarks in [18, Remark 1.1.2] it
follows that a morphisms f is a strict epimorphism if and only if it is a cokernel and that
f is a strict monomorphism if and only if it is a kernel. Note that strict morphisms are
called homomorphisms by Wengenroth [20] in analogy to the notation of Ko¨the [8, p. 91]
(see also [9, p. 307]) for the category of locally convex spaces. Kelly [7, p. 124] introduced
the notion of regular epimorphisms within arbitrary categories and notes [7, p. 126] that
in the case of an additive category with kernels and cokernels a morphism is a regular
epimorphism if and only if it is cokernel. Clearly, the notations of Schneiders and Kelly
are more general than those of Richman, Walker. However, the latter notation will turn
out to be the most convenient one for our purpose in this article.
The following definition is essential for the main result of this article and was also used by
Richman, Walker [15, p. 522].
Definition 2.2. (a) A cokernel g : Y → X in A is said to be semi-stable, if for every
pullback square
P
pT- T
PB
Y
pY ?
g
- X
t
?
the morphism pT is also a cokernel.
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(b) A kernel f : X → Y A is said to be semi-stable, if for every pushout square
X
f- Y
PO
T
t
?
sT
- S
sY?
the morphism sT is also a kernel.
Remark 2.3. Because pullbacks and pushouts are transitive, retractions are stable under
pullbacks, coretractions are stable under pushouts and isomorphisms are stable under both,
we obtain the following.
(a) In the situation of 2.2, pT and sT are again semi-stable.
(b) Retractions are semi-stable cokernels.
(c) Coretractions are semi-stable kernels.
(d) Isomorphisms are semi-stable cokernels and semi-stable kernels.
The notion of a semi-stable cokernel coincides with that of a totally regular epimorphism,
as defined by Kelly [7, p. 124] in the case of an additive category with kernels and cokernels.
Kelly remarks that this notion was defined by Grothendieck (under a different name), see
[7, p. 124]. For later use we recall the following stability properties due to Kelly.
Proposition 2.4. (Kelly [7, Proposition 5.11 and 5.12]) Let f : X → Y and g : Y → Z be
morphisms in A. Put h := g ◦ f : X → Z.
(a) If f and g are semi-stable cokernels, then h is a semi-stable cokernel.
(b) If f and g are semi-stable kernels, then h is a semi-stable kernel.
(c) If h is a semi-stable cokernel, then g is a semi-stable cokernel.
(d) If h is a semi-stable kernel, then f is a semi-stable kernel.
To end this section let us remark that 2.4 can be proved in an elementary way by very
slight modifications of the proofs of Schneiders [18, Propositions 1.1.7 and 1.1.8] and by
using the fact that in a diagram of the form
X
f- Y
g- Z
PB
X ′
a
?
f ′
- Y ′
b
?
g′
- Z ′
c
?
the left square is a pullback if and only if this is true for the exterior rectangle (cf. Kelly
[7, Lemma 5.1]).
3. Main Result
In this section we show that every additive category A with kernels and cokernels admits
a largest exact structure E. The proof is constructive; to define E we use the terminology
explained in 2.2. Then we check that (A,E) is indeed an exact category. For the sake of
completeness let us recall the definition of the latter, where we stick to the notation of
Bu¨hler, cf also 3.2.
Definition 3.1. (Bu¨hler [2, Definition 2.1]) Let A be an additive category. A kernel-
cokernel pair (f, g) in A is a pair of composable morphisms f : X → Y , g : Y → Z such
that f is a kernel of g and g is a cokernel of f . If a class E of kernel-cokernel pairs on A
is fixed, an admissible monomorphism is a morphism f such that there exists a morphism
g with (f, g) ∈ E. Admissible epimorphisms are defined dually. An exact structure on A
is a class E of kernel-cokernel pairs which is closed under isomorphisms and satisfies the
following axioms.
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[E0] For each object X, idX : X → X is an admissible monomorphism.
[E0op] For each object X, idX : X → X is an admissible epimorphism.
[E1] If g : Y → Z and g′ : Z → V are admissible monomorphisms, then g′ ◦ g is an
admissible monomorphism.
[E1op] If g : Y → Z and g′ : Z → V are admissible epimorphisms, then g′◦g is a admissible
epimorphism.
[E2] If f : X → Y is an admissible monomorphism and t : X → T is a morphism, then
the pushout
X
f- Y
PO
T
t
?
sT
- S
sY?
of f and t exists and sT is an admissible monomorphism.
[E2op] If g : Y → Z is an admissible epimorphism and t : T → Z is a morphism, then the
pullback
P
pT- T
PB
Y
pY ?
g
- Z
t
?
of g and t exists and pT is an admissible epimorphism.
An exact category is an additive category A together with an exact structure E; the kernel-
cokernel pairs in E are called short exact sequences.
Remark 3.2. (a) In the notation used by Keller [6], admissible monomorphisms are
called inflations, admissible epimorphisms are called deflations and short exact
sequences are called conflations, see Bu¨hler [2, 2.5] for more (historical) information
concerning this terminology.
(b) Some authors use the term short exact sequence for what we call a kernel-cokernel
pair and then call the sequences in E the admissible short exact sequences or con-
flations (see (a)).
In what follows the proof of [E1op] was inspired by that of Keller [6, Proposition after A.1].
Theorem 3.3. If A is an additive category with kernels and cokernels then the class
E =
{
(e, f) ; (e, f) is a short exact sequence, e is a semi-
stable kernel and f is a semi-stable cokernel
}
is an exact structure on A. Moreover, E is maximal in the sense that all exact structures
on A are contained within it. In the notation of Richman, Walker [15, p. 524] the pairs in
E are called stable.
Proof. We show that E is closed under isomorphisms. Let (f, g) ∈ E and let
X
f- Y
g- Z
X ′
iX ?
f ′
- Y ′
iY?
g′
- Z ′
iZ?
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be a commutative square in A with isomorphisms iX , iY and iZ . Then (f
′, g′) belongs to
E. In fact, every commutative square
E
h- F
E′
φ
?
h′
- F ′
ψ
?
in A with isomorphisms φ and ψ is a pullback square as well as a pushout square, hence
f ′ is a semi-stable kernel and g′ a semi-stable cokernel by 2.3.(a) and it is easy to see that
f ′ is the kernel of g′. This shows (f ′, g′) ∈ E.
By Bu¨hler [2, Remark 2.4] (cf. Keller [6, App. A]) the axioms in the definition of exact
category are somewhat redundant and it is in fact enough to check the axioms [E0], [E0op],
[E1op], [E2] and [E2op] in order to show that E is an exact structure.
[E0] and [E0op] are satisfied by 2.3.(d).
[E2op] Let (f, g) ∈ E, assume that
P
pT- T
PB
Y
pY ?
g
- Z
t
?
is a pullback square. According to 2.1.(a) we get a kernel k : X → P such that
X
k- P
pT- T
PB
X
idX ?
f
- Y
pY ?
g
- Z
t
?
is commutative. Since g is a semi-stable cokernel the same is true for pT by 2.3.(a). Thus,
the first row in the above diagram is a kernel-cokernel pair. Moreover, pY ◦k = f and thus
by 2.4.(d) the morphism k is a semi-stable kernel which shows (k, pT ) ∈ E.
[E2] Since A has biproducts and cokernels, the pushout of any two morphisms does exist.
The pair (f, g) is in E if and only if (gop, fop) is in Eop. Then [E2] follows from [E2op] by
duality.
[E1op] Let (f, g), (f ′, g′) ∈ E be pairs such that g′ ◦ g is defined and let k : K → Y be a
kernel of g′ ◦ g. Then g′ ◦ g is a semi-stable cokernel by 2.4.(a) and (k, g′ ◦ g) is a short
exact sequence. Thus it remains to be shown that k is a semi-stable kernel.
Since g′ ◦ g ◦ k = 0, there exists a unique α : K → X ′ with f ′ ◦ α = g ◦ k.
Claim A. The diagram
K
α- X ′
(1)
Y
k
?
g
- Z
f ′
?
is a pullback square.
Let lY : L → Y and lX′ : L → X ′ be morphisms with f ′ ◦ lX′ = g ◦ lY . Then g′ ◦ g ◦ lY =
g′ ◦ f ′ ◦ lX′ = 0, hence there exists a unique η : L → K with lY = k ◦ η. This yields
f ′ ◦ lX′ = g ◦ lY = g ◦ k ◦ η = f ′ ◦ α ◦ η and from this it follows lX′ = α ◦ η, since f ′ is a
monomorphism. The morphism η is unique with this property, since k is a monomorphism,
hence (1) is a pullback square. Thus, Claim A is established.
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Claim B. Let (f, g) ∈ E and
P
pR- R
PB
Y
pY ?
g
- Z
r
?
be a pullback square. Then (
[−pR
pY
]
, [ r g ]) ∈ E.
By 2.1.(a) we have a commutative diagram
X
k- P
pR- R
X
idX ?
f
- Y
pY?
g
- Z
r
?
such that k is a kernel of pR and by [E2
op] the pair (k, pR) is in E. We show that
X
f - Y
(2)
P
pY ?
[−pRpY ]
- R⊕ Y
ωY?
is a pushout, where ωY denotes the canonical morphism. Let lY : Y → L and lP : P → L
be morphisms such that lY ◦ f = lP ◦ k. Then (lY ◦ pY − lP ) ◦ k = 0 holds and there
is a unique morphism γ : R → L with γ ◦ pR = lY ◦ pY − lP since pR is the cokernel
of k. This in turn gives rise to a unique morphism µ : R ⊕ Y → S with γ = µ ◦ ωR and
lY = µ◦ωY , where ωR denotes the canonical morphism. We compute lP = lY ◦pY −γ◦pR =
lY ◦ pY − µ ◦ ωR ◦ pR = µ ◦ (ωY ◦ pY − ωR ◦ pR) = µ ◦
[−pR
pY
]
. The uniqueness of µ follows
from the fact that γ is unique and that pR is an epimorphism. Hence, (2) is a pushout
and therefore
[−pR
pY
]
is a semi-stable kernel. It remains to show that [r g] is a cokernel of[−pR
pY
]
since then the claim follows by [E2]. We show that the pullback diagram in Claim
B is also a pushout. Let lR : R→ L and lY : Y → L be morphisms with lY ◦ pR = lY ◦ pY .
Then we have lY ◦ f = lY ◦ pY ◦ k = lR ◦ pR ◦ k = 0, hence the universal property of the
cokernel g gives rise to a unique morphism λ : Z → L with lY = λ ◦ g. In addition we
have lR ◦ pR = lY ◦ pY = λ ◦ g ◦ pY = λ ◦ r ◦ pR and therefore lR = λ ◦ r since pR is an
epimorphism. This establishes Claim B.
By Claim B we know that the pair (p, q) of morphisms p :=
[−α
k
]
: K → X ′ ⊕ Y and
q := [ f ′ g ] : X ′ ⊕ Y → Z belongs to E. We put r := [ f ′ 00 idY ] and obtain the commutative
diagram
X ′
f ′ - Z
(3)
X ′⊕ Y
ωX′ ?
r
- Z ⊕ Y
ωZ?
where ωX′ and ωZ are the canonical morphisms.
Claim C. (3) is a pushout square.
Let lX′⊕Y : X ′ ⊕ Y → L and lZ : Z → L be morphisms with lZ ◦ f ′ = lX′⊕Y ◦ ωX′ .
Denote lY := lX′⊕Y ◦ ωY where ωY : Y → Z ⊕ Y is the canonical morphism. We have
δ := [ lZ lY ] : Z ⊕ Y → L and thus
lX′⊕Y ◦ ωX′ = lZ ◦ f ′ = δ ◦ ωZ ◦ f ′ = δ ◦ r ◦ ωX′ ,
lX′⊕Y ◦ ωY = δ ◦ ωY = δ ◦ ωY ◦ piY ◦ r ◦ ωY = δ ◦ (idZ⊕Y − ωZ ◦ piZ) ◦ r ◦ ωY = δ ◦ r ◦ ωY
where piY : Z ⊕ Y → Y and piZ : Z ⊕ Y → Z are the canonical morphisms.
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Hence the universal property of the coproduct yields lX′⊕Y = δ ◦ r. The uniqueness of δ
follows from the universal property of the coproduct, which yields Claim C.
Now r is a semi-stable kernel and by 2.4.(c) the composition r ◦ p is also a semi-stable
kernel. We put σ :=
[−g
idY
]
and obtain
r ◦ p = [ f ′ 00 idY ][−αk ] = [−f ′◦αk ] = [−g◦kk ] = σ ◦ k
Since r ◦ p is a semi-stable kernel, it follows from 2.4.(d), that k is a semi-stable kernel,
which yields that (k, g′ ◦ g) ∈ E and thus that E is an exact structure on A.
It remains to check the maximality of E. Let E′ be a second exact structure on A and let
(f, g) ∈ E′. If
P
pT- T
PB
Y
pY ?
g
- Z
t
?
is a pullback square, the morphism pT is an admissible epimorphism by [E2
op], hence it
is a cokernel (of its kernel), hence g is a semi-stable cokernel. Analogously, by [E2] the
morphism f is a semi-stable kernel, which shows (f, g) ∈ E. Hence we have E′ ⊆ E. 
4. Applications and Examples
In this last section we present two examples of additive categories with kernels and cokernels
arising in functional analysis. We use standard locally convex notations and theory as
presented in Meise and Vogt [9], Jarchow [5], Bonet, Pe´rez Carreras [12] and Floret, Wloka
[3]. To simplify the notation, let us denote by LCS the category of locally convex topological
vector spaces with linear and continuous maps as morphisms and by HD-LCS the full
subcategory of spaces whose topology is Hausdorff.
Example 4.1. Let BOR be the full subcategory of LCS consisting of bornological spaces
(cf. [3, § 23, 1.5 and § 11, 2.]). BOR is additive and since quotients of bornological spaces
are again bornological, it has cokernels (cf. [3, § 23, 2.9]). Let f : E → F be a linear and
continuous map in BOR. We consider the linear space f−1(0). If we consider f as a mor-
phism in LCS, f−1(0) endowed with the topology induced by E would be a kernel of f .
Unfortunately, this space is in general not bornological. However, f−1(0) endowed with the
associated bornological topology w.r.t. the induced one, (cf. [3, § 11, 2.2]) is bornological,
we will denote this space by f−1(0)BOR. It is easy to check that this space together with
the inclusion mapping is a kernel of f in BOR.
From the above it follows that for an arbitrary morphism f : E → F in BOR, the cokernel
of the kernel of f is E/f−1(0) endowed with the quotient topology and that the kernel
of the cokernel of f is f(E)BOR w.r.t. the topology induced by F . Thus, the canonical
morphism f¯ : cok ker f → ker cok f is bijective and it is easy to see that it thus is both a
monomorphism and epimorphism. Thus, BOR is semi-abelian in the notation of [17].
However, BOR is not quasi-abelian in the sense of [17] and [18]; Bonet, Dierolf [1] con-
structed morphisms f : E → F and g : G→ F such that g is a cokernel but in the pullback
square
P
pE- E
PB
G
pG ?
g
- F
f
?
pE fails to be a cokernel, that is g is not semi-stable. Hence, the article of Bonet, Dierolf
[1] provides indeed a counter example to Raikov’s conjecture (cf. [17]).
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Theorem 3.3 provides a natural exact structure on BOR and hence enables us to use homo-
logical methods within this category, although BOR is neither quasi-abelian nor extension
closed in LCS (see Roelcke, Dierolf [16, Example 2.15]). The same is true for the following
example which is in a functional analytic sense more natural but unfortunately has even
weaker properties in the sense of category theory.
Example 4.2. By HD-BOR we denote the full subcategory of HD-LCS consisting of
bornological spaces. Clearly, HD-BOR is a full subcategory of BOR. Since the preimage of
zero under a continuous map between separated spaces is closed and since the associated
bornological topology is finer than the starting topology (see [3, § 11, 2.2]), the kernels in
HD-BOR are those of BOR. Concerning cokernels this is not true. Let f : E → F be a
morphism in HD-BOR. Then the cokernel of f is the space F/f(E) endowed with the quo-
tient topology. Hence, the cokernel of the kernel of f is the space E/f−1(0) endowed with
the quotient topology and the kernel of the cokernel of f is f(E)
BOR
w.r.t. the topology
induced by F .
By an example due to Grothendieck [4] (for details see Bonet, Pe´rez Carreras [12, 8.6.12]),
there exists a strict LB-space (F, t) = indn(Fn, tn) and a closed subspace H ⊆ F such that
there exists u ∈ (H, s)′\(H, t|H)′ where (H, s) := indn(H ∩ Fn, tn|H∩Fn). Based on this
example one may construct a mapping f between spaces in HD-BOR, such that f¯ is not an
epimorphism, that is f¯(E) = f(E) is not dense in f(E)
BOR
. Hence the category HD-BOR
is not even semi-abelian in Rump’s notation.
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